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Abstract 

For certain classes of negative definite symbols q{x,£,) and state space depen- 
dent Bernstein function f{x,s) we prove that —p{x,D), the pseudo-differential 
operator with symbol —p{x,S,) = —f{x,q{x,£,)), extends to the generator of a 
Feller semigroup. Our result extends previously known results related to opera- 
tors of variable (fractional) order of differentiation, or variable order fractional 
powers. New concrete examples are given. 

1 Introduction 

In the early days of the theory of pseudo-differential operators, pseudo differ- 
ential operators of variable order had already been studied, compare A. Un- 
terberger and J. Bokobza These considerations were taken up by H.- 

G. Leopold |16j . |17) who gave more emphasis on the function space point 
of view. On the other hand, also in the early days of the theory of pseudo- 
differential operators Ph. Courrege [21 pointed out that (most) generators of 
Feller semigroups are pseudo-differential operators, but their symbols do not 
belong to "nice" or"classical" symbol classes. Indeed, on 5(R") the generator of 
a Feller semigroup has the representation 

Au{x)^^q{x,D)u{x)^-{2n)-^ [ e*^-«g(x, C)w(OdC (1-1) 



where the symbol q : R" x R" — > C is measurable and locally bounded and for 
X G R" fixed q{x, •) is a continuous negative definite function, i.e. we have the 
Levy-Khinchin representation 

q{x, ^) = c{x)+id{x)S,+ V ak,i{x)^k^i+ [ ( 1 - e"'^'^ - T~^Tl2 ) 

(1-2) 

with c{x) > 0, d{x) e R", akiix) = aik{x) G R and Yll^i^i aki{x)Ck^i > 0, 
and /jjn^io}^"'^ ^ |yP)^^(^i 'j'y) < Thus these symbols need not to be smooth 
with respect to ^ nor do they need to have a nice expansion into homogeneous 
functions. Maybe the fact that these symbols are a bit exotic is the reason 
why Courrege's result was almost ignored for around 25 years. In ^U], see also 
[H], Courrege's idea was taken up and a systematic study of pseudo-differential 
operators generating Markov processes was initiated, see also - 

The fact that the composition of a Bernstein function / with a continuous 
negative definite function ijj is again a continuous negative definite function 
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gives a powerful tool to construct new (Feller) semigroups from given ones. If 
q{x, ^) is a suitable symbol such that —q{x, D) generates a Feller semigroup, then 
(f oq){x,£) = f{q{x.S,)) is a symbol with the property that ^ {f °q){x,S,) is a 
continuous negative definite function and therefore —{foq){x, D) is a candidate 
for being a generator of a Feller semigroup. Of course, this procedure is closely 
linked to subordination in the sense of Bochner. 

In a joint paper with H. G. Leopold it was suggested to study Feller 
semigroups obtained by subordination of variable order, more precisely, to con- 
sider "fractional powers of variable order" in case of the symbol (1 + i.e. 
to study (a;,0 ^ (1 + \^\^)"'^^\ These ideas were taken up and further inves- 
tigations on fractional powers of variable order are due to A. Negoro [201, K. 
Kikuchi and A. Negoro as well as F. Baldus [T]. Finally, W. Hoh in |7] 
could combine his symbolic calculus [5] with these ideas, compare W. Hoh |S] 
and IHl. 

The purpose of this note is twofold. First we suggest a method to study 
"variable order subordination" for more general Bernstein functions than 
fa{s)=s",Q<a<l. More precisely, we consider symbols of the form 

p(x,C) = /(a;,g(a;,0) (1.3) 

where g is a suitable symbol from Hoh's class and / : x [0, oo) ^ R is 
a smooth function such that for fixed x € M" the function s f{x, s) is a 
Bernstein function. Our method uses some ideas from the theory of t-coercive 
(differential) operators as investigated by I. S. Louhivaara and C. Simader |18j - 
[Tnj in order to establish the result that —p{x, D) generates a Feller semigroup. 
Secondly, we enrich the class of examples by studying the Bernstein function 

s^sf(l_e-4-*). 

Since we depend on Hoh's symbolic calculus we recollect some basic facts of this 
calculus in our first section. All our methods are standard, i.e. they are as in 

mm 

The first named author is grateful for support obtained from Swansea Uni- 
versity and EPSRC. 

2 Hoh's Symbolic Calculus 

Before starting with our main considerations we need to recollect some basic 
results from Hoh's symbolic calculus, see W.Hoh or [0], compare also |12) . 

Definition 2.1. A continuous negative definite function ij) : M" —^ M" belongs 
to the class A if for all a G Nq it satisfies 

\d^ii + m)\ < ciai(i + mf-^, (2.1) 

where p{k) = fc A 2 /or fc G Ng . 

Definition 2.2. A. Let m G M and E A. We then call a -function 
g : X K" — >C a symbol m the class S'™''^(M") if for all a,/3 G NJf there are 
constants Ca,f} > such that 

Id^.d^qix.^Ol^c^A^ + m)""^ (2.2) 
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holds for all x £ M" and ^ G M". We call to G M the order of the symbol q{x, ^). 
B. Let ip € A and suppose that for an arbitrarily often differentiate function 
g : R" X R" — ^<C the estimate 

\d^dP,q{x,0\<~c^.p{l + ^{i))^ (2.3) 

holds for all a,P G Nq and a;,^ G M". In this case we call q a symbol of the 
class So'^iR-^). 

Note that S'™''^(R") C S'"''^(R"). For q G S'"''^(R"), hence also for q G 
S'™''^(R"), we can define on 5'(R") the pseudo-differential operator q{x,D) by 

q{x,D)u{x):^{27T)-^ f e"<q{x,Omd^ (2-4) 

and we denote the classes of these operators by \I/™''''(R") and ^'q"''''(R"), re- 
spectively. 

Theorem 2.3. Let q G S'^''^(R") then q{x,D) maps S'(R") continuously into 
itself. 

Let -0 '■ R" ^ M be a fixed continuous negative definite function. For s G R 
and u G S'(R") (or u G S"(R")) we define the norm 

\\u\\%,,^\\{l + i,{D))'^u\\l^ I {l + ^s)r\u{i)\^dt (2.5) 

The space iJ^''^(R") is defined as 

i/'^'^(R") := {u G ^'(R"); < oo}. (2.6) 

The scale H'^'^^iW'), s e R", and more general spaces have been systematically 
investigated in [3] and 0], see also In particular we know that if for 

some pi > and ci > the estimate > ci|^|''i holds for all ^ G R", 

1^1 >R,R>0, then the space 77'^'" (R") is continuously embedded into C°°(R") 
provided s > j^. 

Theorem 2.4. Let q G S'g"''''(R") and let q{x,D) be the corresponding pseudo- 
differential operator. For all s gR the operator q{x, D) maps the space 

continuously into the space i7'^'^(R"), and for all u G iJ'''''"+''(R") 
we have the estimate 

\\q{x,D)u\\^^s < c\\u\\^^ra+s- (2.7) 

On S'(R") we may define the bilinear form 

B{u, v) {q{x, D)u, v)o, q G 5™''^(R"). (2.8) 

Theorem 2.5. Let q G S'™''^(R") be real valued and to > 0. It follows that 

\B{u,v)\<c\\u\\^,^\\v\\^.^^ (2.9) 

holds for all u,v G 5'(R"). Hence the bilinear form B has a continuous extension 
onto iJ'^'T (R"). // in addition for all a; G R" 

q{x,0>Soil + m)^ for\^\>R (2.10) 
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with some So > and R > 0, and 

lim V(0 = oo (2.11) 

holds, then we have for all u G iJ''''^(M") the Carding inequality 

ReB{u,u)>^-^\\u\\l^^-M\u\\l. (2.12) 

Furthermore we have 
Theorem 2.6. // we assume 1^2. 1U\) and then for s > —m we have 

< Mx,D)u\\l^, + \\u\\l^^^^_, (2.13) 

for q e S'^-'f'iR") real-valued and all u € i7'^''*+'"(M"). 

From Theorem 1.5 and 1.6 one may deduce the foUowing regularity result: 

Theorem 2.7. Let q £ S'™^'''(R") be as in Theorem 1.6, m > 1. Further 
suppose that for f e iJ'^'^(R"), s > 0, there exists u G i?'^^'?(]R") such that 

B{u,^) = {f,^)L2 (2.14) 

holds for all cj) G iJ'^'T(M") (or cj) G S{W")). Then u belongs already to the 
space i7'^'™+'*(M"). 

So far we have used properties of symbols to establish mapping properties 
and estimates for operators. The real power of a symbolic calculus is that it 
reduces calculations for operators to calculations for symbols. The following 
result is most important for us 

Theorem 2.8. Let V e A. For qi G S]!;'''^{W) and q2 G S'^-'''I'{W) the symbol 
q of the operator q{x, D) := qi(x, D) o q2{x, D) is given by 

n 

q{x,^) = qi{x,0 ■ q2ix,S,) + ^d^jQiix,0Da:,q2{x,0 +'?ri(a;,C) (2.15) 

i=i 

with qr, G 5r+"''"''^(K")- 

Remark 2.9. An easy calculation yields qi ■ q2 e S';,"i+"'^''^(R"), 

G S'™i"i''''(R") and D^^q2 G S'™2'^(R"). Hence the second term on the 
right hand side m ^1^) belongs to ^^i+^^-i.^^]^")^ 

3 The Formal Background of our Proof that 
—p{x, D) Generates a Feller Semigroup 

The proof that —p{x, D) as described in the introduction, see also below, extends 
to a generator of a Feller semigroup depends on various estimates which might be 
different for different operators. However, once these estimates are established 
we only need to apply a piece of "soft" analysis. In this section we discuss this 
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part of the proof, i.e. we will assume all crucial estimates hold. 

Let / : M" x [0, oo) ^ K be an arbitrarily often differentiable function such that 

for y S M" fixed the function s f{y, s) is a Bernstein function. Moreover we 

assume 

inf f{y,s) > fo{s) for all s e [0,oo) (3.1) 

as well as 

sup /(y,s) < his) for all s G [0,c») (3.2) 

where /o and /i are Bernstein functions. For a given real- valued negative definite 
symbol q{x, ^) it follows that 

P{y;x,^) -.^ f{y,q{x,£,)) (3.3) 

give rise to a further negative definite symbol by defining 

Pix,0-^pix;x,0- (3.4) 

In case where q{x,S,) is comparable with a fixed continuous negative definite 
function i.e. 

0<co<4^<ci, ci>l, (3.5) 
for aU X e M" and ^ E M", we find using Lemma 3.9.34.B in [TTl 

pix,0<fiyi:qix,0)<^ihm)) (3.6) 

and we define 

MO--^c^hm))- (3.7) 

Moreover it holds 
and we set 

MO c'Joim)- (3.8) 

Clearly, "00 and "01 are continuous negative definite functions. Later on we 
assume that for |^| large 

V'(0>ci|Cr\ 5i>0 and pi > (3.9) 

holds as well as 

/(yo, s) > CQsP°, Co > and pa > 0. (3.10) 
This implies for |^| large that 

M0>c2\^r'\ £2>o, (3.11) 

holds. Since "00(0 — ''PiiO have 
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We add the assumption that there exists < cr < ^ such that 

(1 + Vi)^ e S'^+'"''''"(M"). (3.13) 

This wiU imply that 

holds for TO > 0. Further, (|3.13() implies that if is any symbol belonging 

to S'™''^i(R") then it also belongs to 5"''^+''^''^"(M") which follows from 

< c„,^(l + Vo(0) ^ 

, . .. . (1 + ^)to-p(|q|) 

< c„,^(l + Vo(0) ' ■ 

The pseudo-differential operator q{x,D) has the symbol q G S'p''^(R"). We 
assume that the pseudo-differential operator p{x, D), defined on S'(M") by 

p{x,D)u{x) = (2^)-t e"<p{x,0i^{0d^ 

= (2^)-t/' e"-«/(a;,(7(a;,0)um (3.15) 

has a symbol p G S'^+^^-'^i (M") for some appropriate ri > 0. This implies 
together with H3.13|l that the operator p{x, D) is continuous from 
jj4,o,2+r,+2a+ria+s (jgn-^ TJ'/'o.^ (R") , in particular it is continuous from 

^Vo,l(Rn) to ijV'0,-l-ri-2^-ri<T(]^n-)^ 

With p{x, D) we can associate the bilinear form 

u,v) :— {p{x, D)u,v)o, u,v ^ S'(R"). (3.16) 
Assuming the estimate 

\B{u,v)\ < n\\u\\^,,i\\v\\^,,i, K>0, (3.17) 

to hold for all u,v £ ^(R"), we may extend B to a continuous bilinear form 
on iJ'^i'i(M"). This extension is again denoted hy B. For u G i7'^i'i(R") we 
assume in addition 

B{u,u)>j\\u\\l^^^,-Xo\\u\\l, Ao>0,7>0. (3.18) 

Following ideas from I.S. Louhivaara and Chr. Simader, JS| and we con- 
sider an intermediate space associated with 

Bxa{u,v) := _B(u, u) + Ao(u,u)o, (3.19) 

namely the space ffP^o(R") defined as a completion of S'(R") (or iJ'^i'i(R")) 
with respect to the scalar product Bx^ . Obviously we have 

ijV'i,i(Kn) ^ iJP^o(M") ^ i/'/'o^i(M") (3.20) 
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in the sense of continuous cmbeddings. Moreover, by the Lax-Milgram theorem, 
for every / G {H'p^o (M"))* exists a unique element u E H^^a (M") satisfying 

Bx,M=< f,v> (3.21) 

for all V € i/P^o(M"). This element we call the variational solution to the 
equation p{x, D)u + Aqu — f ■ 
From (|3.2Q(I we derive 

^V'o.-l(K«) ^ (i/'/'o^i(R"))* (iJP^o(R"))* , (3.22) 

hence for / e H'^'"'^^{M."-) there exists a unique u e RP^oiW^) satisfying 
(|3.21|l . We claim now that for every / e i/'^o^~^(R") there exists a unique 
u G ff'^°>i(M") such that 

pxo{x,D)u = p{x,D)u + \ou = f (3.23) 

holds. Denote by m G HP>-» (R") the unique solution to (pnT|l for / G i/'^" 

given and take a sequence (Mfe)feGN, G 5'(M"), converging in /fP^o(R") to u. 

It follows from 



{pxg{x,D)uk,v)Q = Bxo{uk,v), V G ^(M"), 

and the continuity oipx„{x,D) from H'^0'i(R") into i7'Ao,(-i-2<T) (-]^«-) ^j^g^^ f^^. 
A; — !■ cxD 

< p\„{x,D)u,v >= Bx{u,v) =</,«> 

for all z; G S'(M"). Thus pao(2^i -£))« = /. The uniqueness follows of course once 
again from (|3.18(l . 

In order to get more regularity for variational solutions or equivalently for so- 
lutions to H3.23() we assume that for A > Aq the function p^^(a;,^) :— ^^^^ 
belongs to S'~^+'^''''^''(R") for some tq > 0. In this case we can prove 

Theorem 3.1. Let p{x,S,) he given by \S.4}) where we assume for q condition 
\S. .5)) and for f we require \S.1\) . \3. g)) to hold. In addition we suppose that 
p G S'2+^i^'^i(R") C 5-2+^1 +2<T+Tia,v.o(Rn) and p^^ G 5-2+^0, V-o (Rn)^ 

Ti-t-To + 2cr + Ticr < 1. Letue HP^o{R") c iJ'/'«'i(R") be the solution to Hl^) 
for f G i7'^«''=(R"), fc > 0. Then it follows that u G i7V'o,2+/=-ro (]gn-)_ 

Proof. From Theorem 1.8 it follows that 

Pll (x, i?) o px, (x, D) = zd + r(a;, i?) (3.24) 

with r G 5-i+^i+^«+2'^+^i'^>'/'o(]gn)^ SincepAo(2;, D)u = / we deduce from (Tn^ 
that 

" = PAo^(a;,^) opAo(a;,^)'« - r(a;,L')M 
= p^,i(a;,i?)/-r(x,i?)7/. 

Now, pl^{x,D)f G iyV>o,fc+2-ro(]gn-) j^^^j r(x, £1)^ G iJ'Ao,2-ri-To-2<T-ri<T(-jgn) 

implying that u G i?'''«'*(R") for t = (fc + 2 - tq) A (2 - n - tq - 2cr - ncr) > 1. 
With a finite number of iterations we arrive at u G iJ'/'0'2+'=-'^f) (R"). □ 
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Remark 3.2. From ri + tq + 2(t + Tia < 1 the necessary condition a < ^ 
follows. 



Corollary 3.3. In the situation of Theorem 2.1, i/2 + fc — tq > 2p^' compare 
IJ77)) . then u e Coo(K"). 

Finally we can collect all preparatory material to prove 

Theorem 3.4. Let f : M" x [0,oo) M. be an arbitrarily often differentiable 
function such that for y G M" fixed, the function s f{y, s) is a Bernstein 
function. Moreover assume and l^y.lUp . In addition let -0 : M" 

R 6e a continuous negative definite function in the class A which satisfies in 
addition fff.g)) . For an elliptic symbol q G 5^''''(]R") satisfying 1^3. 5]) we define 
p{x,£,) by iS.4}) . For ipi and V'2 defined by (0) and respectively we assume 
Suppose thatpe S'^+^i^'^i (R") and ^ £ Sp^+^'>''I"'{W). If n + tq + 
a(2 + Ti) < 1, a as in {3.14\ ), then —p{x, D) extends to a generator of a Feller 
semigroup on Coo(R")- 

Proof. We want to apply the Hille-Yosida-Ray theorem, compare Jl], Theorem 
4.5.3. We know that p(x,D) maps iJ-'Ao,2+fe+2<T+ri+ria(gn) -^^^^ iJ^o,fc(R«)^ 

Hence ii k > the operator £>), i?^"'^2+'=+2'"+^i+"'i'"(R")) is densely 

defined on Coo(R") with range in Coo(R")- That —p{x, D) satisfies the positive 
maximum principle on H'^o,2+k+2a+Ti+Tia (^^n-^ follows from Theorem 2.6.1 in 
[12. Now, for A > Ao we know that for / e iJ'^''>'=+i(R") we have a unique 
solution to pxix, D)u = f belonging to i7'Ao,2+fe+i-To(]^™^^ 

Ti+To + 2CT + TiCr < 1 implies that iJ-'Ao^a+fe+l-ro^jgn) ^ _f^V'o,2+fe+2<T+ri+ri^(jg«)^ 

hence for / S 11'^°'^'^^ (W^) we always have a (unique) solution 

u g 7jV'o,2+/=+2^+ri+ria(]gn-) implying the theorem. □ 



4 Some Concrete Examples 

The first part of this section will consider the work W.Hoh has done on pseudo- 
differential operators with variable order of differentiation. We will consider the 
case where the Bernstein function s — > /(s) is substituted by (x, s) — > s''^^^ with 
r : R" — > R being a continuous function such that < r{x) < 1 holds. Let 
q : R" X R" — > C be a continuous function such that £^ q(x, ^) is a continuous 
negative definite function. It then follows that 

(4.1) 

is once again a continuous negative definite function implying that the pseudo- 
differential operator 

Au{x) -{2t:)-^ [ e"-«g(x, ^)''(^)u(Od^ (4.2) 

is a candidate for a generator of a Feller semigroup. We now meet Hoh's result: 

Theorem 4.1. Let ijj : R" — > R 6e a fixed continuous negative definite function 
such that its Levy measure has a compact support and that 

V'(e)>Co|er, \^\ large and r > 0, (4.3) 
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holds. Let q E Sp'''^{W"') be a real-valued negative definite symbol which is elliptic, 
i.e. we have 

qix,0>Soil + m)- (4.4) 
Further let m : M" — > (0, 1] be an element in C^(R") satisfying 

M^fi<^ (4.5) 
where M :— supm(a;) and < /i inf ni{x). Consider the symbol 

(x,e)-p(x,e) :=g(a;,0™^"^ (4.6) 

which has the property that ^ — > p{x, ^) is a continuous negative definite func- 
tion. The operator 

-p{x, D)u{x) := -(27r)- 1 e"-«p(x, OmdS, (4.7) 

maps C^(R") into Coo(R"), is closeable in Coo(R") and its closure is a gener- 
ator of a Feller semigroup. 

For a proof see W.Hoh 0, compare also IH]. 
We are now going to consider a further example. First note that the function 
s — > \/s(l — e~^^) is a Bernstein function. Hence, using Corollary 3.9.36 in 

[llj . it follows that for < a < 1 the function s st(l — e^^** ^ ) is also a 
Bernstein function. Thus, given a negative definite symbol q E S'j,''^{W^) we 
may consider the new symbol 

p{x,^) = (l + g(x,0)^(l-e^*^'+'^"^^"'*^) 
for a(.) being an appropriate function. 

Lemma 4.2. Let q E Sp'^{W^) be a real-valued negative definite symbol which 
is elliptic, i.e. 

qix,0>Soil + i^iO)- 
Also let a(.) : R" — > (0, 1] be an element in C^(R") satisfying 

1 

TO - /i < - 
where to = sup and fi = inf ^^^^ > 0. 

Now if we let p{x,£,) = (1 + q{x,^))~^ {1 — e^''(i+'?(3:,4)) -j^ then we have for 
all e > the estimates 

\dtdSp{^,0\ < c.,^,.p(x,e)(l + VXO)""^ (4.8) 
i.e. S'2"+'''>(R"). 
Proof. We have to estimate 

dpSpi^,0 = d^dS{{i + q{x,0)^{i-e-^(^'+'^(^^^i^^^)) 
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Using (2.19) in [TTl we get 



a'<a fj'<l3 ^ / \ ' / 

X (9^"-"'af-^'(l - e-^(i+«("'«»^ )). 
|(5?'5fe^'°s(i+'^(^'«»)|. 



First consider 



By (2.28) in [IT] with l=\a'\ + \(3'\ we get 



|(5f e'^'°s(i+9(^'«»)| < 



(4.9) 



e 2 



■log(l+g(a;,4)) 



E 



a"' = a' 



I' 

|c{ao,/5o} ]^gQ'i/3o(a;,0L (4-10) 



/3'i + . . . + = /?' 
r = 0, 1,... J 



where 

go'./,., (x, = df 9f (^ log(l + g(x, e))) 



E ( % ) (^f-'^'^^) r r log(l + .(-,0). 



/3'J<;3'3 



Now, using (2.26) in [TTl with k = + > we get 



9f 9f log(l + g(x,C)) 



E 



n 



(l + g(x,0) 

/3'i + . . . + /3"' = /3'^' 
Since we assume that q(x,^) is an ehiptic symbol in S'j,''^{W^), we get 



af log(l + g(x,C)) 



a '3 ,/3'J 



E 11(1 +^(^)) 



-p(i°"i) 



< 



Ca.J.(l+V^(C)) 
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where we used the subadditivity of p. We always have 

|l0g(l+(z(.T,e))| <Ce(l+V'(e))*. 

It follows for a € Cg^(R") that 

k..,,.(^,oi<c„o,,.4 ^i+^^^^jrf"' f ^.'^ (4.11) 

Puttmg (|4.1Q|I and H4.11|l together we get 
For the desired result we need 

When a — a' = and /3 — /?' = there is nothing to prove. 
Otherwise, by (2.28) in [TTl with ^2 = |a - a'\ + |/3 - /3'|, we get 



|9"-"'9f-^'(l-e-4(i+9(-^«)) ^ )| < 



g-4(i+,(.,0)°'^^' |^e{(„_„,).,(^_^,y} ng(„„„,).(^_^,y(x,e)|, (4.13) 

where the sum is such that 

(a - a'Y + ... + («- a')'^ (a - a') ' 
(/3-/3')^ + ... + (/3-/3')'^ = (/3-/3') 

/^=0,l,...,/2 

and where 

'Z(a-a')^ (^' = (4(1 + q(x, 0) ^ ) . 

Since g(a;,^) is in the symbol class 5p''''(R") we have the estimate 

\qic.-^>)H0-P'y (x, 01 < L{1 + g(a;, 0) for all (a - a'y , (/3 - e M", 

where i(A) is a suitable polynomial > which might depend on [a — a'y and 
{(i - P'y . Now returning to (|4.13(l we get 



4(1 + q{x, 0)"^ 1 + 4(1 + g(x, 0)^^^^ ^ ^(^^ ^^^^_4(l+,(.,0)^ 
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since 



. . ■ ■ p(l"-°' I) . ... , p(|q~q'|) 

< ^^V^^^;^^^^.> (1+^(0)-"^ -CO 

l + 4(l + g(x,e))^ 



4(H-g(x,C))^ 
Now using (2.7) in i.e for all a > and t > the estimate 

at 



< Co. 



1 + at 



< 1 - 



we get 



|g(a-a')5(/3^/3')(i_e-4(i+g(x,e))°^^ )| <co(l-e-4(^+«("'«»°'^ 



Substituting (j^^ and into 



P(l°-a'l) 



(4.14) 



g^log(l+g(j;,4))^--^ _ g-4(l+?(a:,J)) 2 



< 



a' 



■log(l+g(2;,C)) 



i5r9f( 
E E 

Q'<a/3'</3 

x(i + ^(e))"^^^(i - e-4(i+<^(-'«))^)(i + mr""^ 



x(i + v^(e))- 

Ca,/3,eP(a;,0( 

The proof now follows from the estimate p{x, £,)<{! + i/jiOY 



< c„,^,,p(a;,e)(l + VXO)^^^ 



□ 



Lemma 4.3. The function p^^{x,^) — ^(j. ^)^;^ belongs to the class S p'^^^'^'^ iW^). 
Proof. Using (2.27) in [ill we find with l^\a\ + \[3\ that 

+ • • • + a' = a 

/31 + • • • + /3' = /3 



c{"^/3n n 



For any e > we find using |^ 



. , .. . -p(|aJ|) + » 

<C„.,/3.(1 + V'(0) ^ 



and the ellipticity assumption of p{x,S^) together with the subadditivity of p 
yields 



\d?dipi\x, 01 < 5a,/3,.(i + ^(e))-''(i + 



P(|a|) + ^ 



which proves the lemma. 



□ 
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